A two-parameter family discrete-time exactly-solvable reaction-diffusion processes on a one-dimensional lattice is introduced, which contains the asymmetric simple exclusion process and the drop-push model as particular cases. The reaction is rewritten in terms of boundary conditions, and the conditional probabilities are calculated using the Bethe-ansatz. This is the discrete-time version of the continuous-time processes already investigated in [1] [2] [3] . The drift-and diffusion-rates of the particles are also calculated for the two-particle sector.
Introduction
The asymmetric exclusion process and the problems related to it, including for example the bipolymerization [4] , dynamical models of interface growth [5] , traffic models [6] , the noisy Burgers equation [7] , and the study of shocks [8, 9] , have been extensively studied in recent years. The dynamical properties of this model have been studied in [9, 10] . As the results obtained by approaches like mean field are not reliable in one dimension, it is useful to introduce solvable models and analytic methods to extract exact physical results. Among these methodes is the coordinate Bethe-ansatz, which was used in [11] to solve the asymmetric simple exclusion process on a one-dimensional lattice. In [1] , a similar technique was used to solve the drop-push model [12] , and a generalized one-parameter model interpolating between the asymmetric simple exclusion model and the drop-push model. In [2] , this family was further generalized to a family of processes with arbitrary left-and right-diffusion rates. All of these models were lattice models. Finally, the behaviour of latter model on continuum was investigated in [3] . The continuum models of this kind are also investigated in [13, 14] .
Various classes of reaction-diffusion systems are called exactly-solvable, in different senses. In [15] [16] [17] , for example, integrability means that the N -particle conditional probabilities' S-matrix is factorized into a product of 2-particle Smatrices. Here we consider discrete time asymmetric exclusion processes in a one-dimensional lattice, which is solvable in the above-mentioned sense.
The scheme of the paper is the following. In section 2, a system is introduced which consists of a one-dimensional lattice each of the sites of which are either empty or occupied by a single particle. A discrete-time evolution is introduced and it is shown that the interaction between particles can be substituted by a suitable boundary condition. In section 3, the conditional probability of occupied sites is obtained. In section 4, the drift rates for the two particle sector are calculated. In section 5, the diffusion rate for the two particle sector is calculated.
It is seen that for large times, the results of the continuous-time evolution are recovered, namely that the drift rates tend to the no-interaction drift rates, while the diffusion rate is generally larger that the diffusion rate of the noninteracting system.
A family of discrete time exclusion processes on a one-dimensional lattice
Consider a one-dimensional lattice, each site of which is either empty or occupied by one particle. The probability that the first particle is in x 1 , the second particle is in x 2 , etc. is denoted by
The process is that each particle can hope to the right, with the probability α, if the its right-hand side neighbor is empty:
A∅ → ∅A, with the probability α
Consider the following evolution equation and boundary condition for the twoparticle sector.
and
Eq. (2) describes a system with a diffusion process which occures simultaneously (not sequentially) for all particles. Using (3), it is seen that
So it is seen that (2) and (3) describe a system where particles can push:
AA∅ → ∅AA, with the probability β
where
One can use (2) and (3), to obtain pushing rates in multi-particle sectors as well. This is specially simple in two cases: (λ = 1, µ = 0) and (λ = 0, µ = 1). In the first case, one obtains
This shows that there is no pushing. For the second case, one obtains
This shows that there is a pushing process, the probability of which does not depend on the length of the block:
A · · · A∅ → ∅A · · · A, with the probability α.
3 The conditional probability
The n-particle analogue of (2), can be written as
For the evolution equation (10), the Bethe-ansatz solution corresponding to the eigenvalue u is
subject to the condition
. ). (13)
Using the Bethe-ansatz
where σ runs over n-permutations and
one arrives at
where σ j changes j to j + 1 and j + 1 to j, and leaves the other numbers between 1 and n intact, and
This derivation is essentially the same as what was used in [1] [2] [3] . Using these, the conditional probability (of finding the particles at x at the time t, when they have been at y at the time 0) is obtained as
where the integration runs from 0 to 2π, for each of the k j 's.
The drift rates
In the two-particle sector, the one-particle probabilities are defined as
From these,
Defining
(the expectation value of the position of the first and second particles) one has
Writing (19) for the two-particle sector,
A steepest descent calculation shows that for t large and x not large,
So, for large t,
One also has
is the expectation value of the position of the particles. So for all times
and for large times,
where C is a constant. So the drift rates are for large t are
X 1 and X 2 are the expectation values of the positions of the first and second particles, respectively, and V 1 and V 2 are their corresponding velocities. As t is discrete, these velocities are defined only when X i 's are smooth functions of t, which happens at large times.
The above equations show that the drift velocities of both particles approach α for large times, as in large times the particles are far from each other and effectively do not interact with each other. But the next leading terms in velocities are negative for the first particle and positive for the second particle, which is expected from the hindering effect of the second particle on the first, and the pushing effect of the first particle on the second. One can see that the results obtained in [3] are recovered, provided one replaces α (1 − α) t with t.
The diffusion rate
Starting from (21), and defining
one has
(∆ 2 is the variance of the position of the particles) one arrives at
From (27), it is seen that the last two terms in the right-hand side vanish atPutting this in (39), and keeping only terms which don't vanish in t → ∞, one arrives at
So,
x (2x + 1) P (x, x + 1, t) = (µ − λ) + α t π α (1 − α) t + · · · .
Using (27) and (32), one arrives at
Putting (42) and (43) in (37), one arrives at 
This diffusion rate, is again defined only at large times, when on can treat ∆ 2 as a function of continuous time. It is seen that it is in agreement with what obtained in [3] , provided one replaces α (1 − α) t with t.
